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Surfaces as unions of rational curves

• Lines in the plane play a central role in Euclidean geometry.
Circles in the sphere play a central role in non-Euclidean geometry.

• Question. In which ways is a real algebraic surface X ⊂ Rn

the union of “simple curves”?
simple curve := rational curve of minimal degree in a covering family.

• Examples.

The plane is covered by a 2-dimensional family of lines.

The unit-sphere is covered by a 3-dimensional family of circles.

The hyperboloid of one sheet is covered by two 1-dimensional families lines:

2/15



Simple families and their intersection product

• A simple family on surface X ⊂ Rn is defined as a (maximal) covering
family of rational curves of lowest possible degree. We also require that a
general curve in the family is smooth outside the singular locus Sing(X ).

• Suppose that X ⊂ Rn is covered by two simple families F and G .
Let C ,D ⊂ X be general curves in family F and G respectively.
The intersection product F · G is defined as

#{ p ∈ C ∩ D | p /∈ Sing(X ) }.
• Example. The hyperboloid of one sheet is covered by two simple families F

and G with intersection product F · G = 1. The simple curves in both
families are lines.
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Simple family graph

• The simple family graph G(X ) of surface X ⊂ Rn is defined as follows

• Each vertex is a simple family on X .
A vertex is labeled with the (maximal) dimension of the family.

• We draw between two simple families F and G an edge if F · G ≥ 2.
We label such an edge with the intersection product F · G .

We omit labels of vertices and edges if the labels are 1 and 2 respectively.

• Example.

X = −→ G(X ) =

Discovered by Christopher Wren in 1669. Sir Wren used his discovery for an
“engine designed for grinding hyperbolic lenses”.

4/15



Simple family graph of ring torus

• Example. Simple family graph G(X ) of a ring torus X ⊂ R3.

G(X ) =

Discovered by Yvon Villarceau in 1848. The circles in the families
corresponding to the two connected vertices are called Villarceau circles.

• Recall. Vertices correspond to families of minimal degree rational curves.
There is an edge between vertices if the intersection product between the
corresponding families is at least 2. We omit labels of vertices and edges if
the labels are 1 and 2 respectively. 5/15



Simple family graph of Blum cyclide

• Example. Simple family graph of a Blum cyclide X ⊂ R3:

G(X ) =

• Discovered by Jean Gaston Darboux in 1880. Rediscovered by Richard Blum
in 1980. Compact quartic surfaces in R3, that contain at least two circles
through almost each point are called Darboux cyclides.
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Simple family graph of smooth cubic surface

• Example. Simple family graph of the Clebsch cubic surface X ⊂ R3 that
contains 27 real lines:

source: Oliver Labs G(X )
This 10-regular graph with 27 vertices is known as the generalized quadrangle
GQ(2, 4).

• Notice that plane sections that contain a line in X , define a family of conics
on X . The 27 lines on a smooth cubic were discovered by Arthur Cayley and
George Salmon in 1849. Construction surface: Alfred Clebsch 1871. 7/15



Classification of simple family graphs

• Problem. Classify simple family graphs G(X ) of real surfaces X ⊂ Rn and
determine properties of X that are encoded in the invariant G(X ).

• We state two corollaries of a classification of simple family graphs.

• Corollary. Suppose that X ⊂ Rn is a surface.
A vertex in G(X ) has label ≤ 3 and an edge in G(X ) has label ≤ 8. If an edge
has label ≥ 5, then G(X ) contains ≤ 2160 vertices and ≤ 2262600 edges.

• When are simple curves on a surface like circles on a sphere?

Corollary. If X ⊂ Rn is a smooth surface such that G(X ) contains a vertex
with label ≥ 3, then the projective closure of X is biregular isomorphic to the
projective closure of the unit-sphere.

• Remark. If G(X ) contains a vertex with label 2, then simple curves on X are
not necessarily like lines in the plane. Over C it is the case however.
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Parametric bidegree

• Theorem.
Let X ⊂ Rn be a surface. Let d ∈ Z>0 be the degree of a simple curve on X .

If G(X ) contains two disjoint vertices, then there exists a real birational map
P1 × P1 99K X of bidegree (d , d).

Moreover, if a real birational map P1 × P1 99K X is of bidegree (a, b) ∈ Z2
>0,

then a, b ≥ d .

• Remark. We have an algorithm that takes as input a real birational map
P2 99K X and outputs G(X ). Moreover, if G(X ) contains two disjoint
vertices, then we can compute a real birational map P1 × P1 99K X of
bidegree (d , d).
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Webs of curves

• A k-web of curves on a real surface X is defined as a set W of algebraic
curves in X such that there are exactly k curves in W that pass through a
general point p ∈ X .

• Example. Three vertices in G(X ) with label 1 define a 3-web of simple
curves on X .

G(X ) =

The white areas on the surface are bordered by exactly three simple curves.
Many hexagonal patterns emerge and therefore such “triangular 3-webs” are
called hexagonal webs.
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Hexagonal webs and non-hexagonal webs

• A 3-web W on X is hexagonal if for all p ∈ X the web admits a closing
hexagon in the following sense.

[source: J. V. Pereira & L. Pirio]

1 Take a sufficiently small neighborhoud U ⊂ X around p and
consider the three curves in W passing through p.

2 Choose q ∈ U on one of these curves sufficiently close to p.

3 Draw the curves in W through q and and consider the intersections in U with
the other two curves.

4 Repeat and check whether the resulting hexagon closes.
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Hexagonal webs on the plane and 2-sphere

• Problem. Classify hexagonal webs W of simple curves on surfaces X ⊂ Rn.

• Theorem [Graf-Sauer, 1924].
If P(X ) ∼= P(R2), then W is defined by a cubic curve in the dual plane P2∗.

P2

P2∗

[source: Blaschke-Bol, 1938]

• If P(X ) ∼= P(S2), then the problem is known as Blaschke-Bol-Problem.
Recent progress:
[Shelekhov, 2007], [Nilov, 2013], [Akopyan, 2017]. 12/15



Hexagonal webs of simple curves

• Problem. Classify hexagonal webs W of simple curves on surfaces X ⊂ Rn.

• Theorem [Pottmann-Shi-Skopenkov, 2012].
If X ⊂ R3 is a Darboux cyclide, then W is defined by three vertices in G(X )
such that either the vertices do not share an edge, or one of the vertices is
isolated.

• Theorem. If X ⊂ Rn is a real algebraic surface, then three vertices in G(X )
that do not share an edge define a hexagonal web.
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Application of theorem

• Example. The three marked vertices are mutually disjoint and thus the
corresponding simple families of curves form a hexagonal web.

G(X ) of Clebsch cubic surface X ⊂ R3 containing 27 real lines
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Summary

1 The simple family graph G(X ) shows how a real algebraic surface X ⊂ Rn is
a union of rational curves of lowest possible degree.

A vertex is labeled with the dimension of the corresponding simple family and
an edge is labeled with intersection product of the linked simple families.

2 A vertex has label ≤ 3 and an edge has label ≤ 8.
If an edge has label ≥ 5, then #vertices≤ 2160 and #edges≤ 2262600.

3 If X is smooth and a vertex in G(X ) has label ≥ 3, then the projective
closure of X is isomorphic to the projective closure of the unit sphere.

4 If G(X ) contains two disjoint vertices, then we can compute a real birational
map P1 × P1 99K X of lowest possible bidegree.

5 If G(X ) contains three disjoint vertices, then X is covered by a hexagonal
webs of simple curves.

The End
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